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Continuous proportional data

Response Y in the unit interval [0, 1], non-count based proportions

• (Medical imaging) Percentage of tissue area in mammogram [Peplonska et al., 2012]

• (Econometrics) Central-bank independence index [Berggren et al., 2014]

• (Political science) Suffrage (voting rights) index [Kubinec, 2023]

• Especially common in ecology:

▶ Percent cover measurements [de Vargas Ribeiro et al., 2022][Korhonen et al., 2024][van Strien et al., 2024]

▶ Diversity index [Lindholm et al., 2021][Bharti et al., 2023][Rolls et al., 2023][Qiao et al., 2025]

▶ [Warton and Hui, 2011]: ≈14% of ecology papers involves non-count based proportions.

Motivation Cobin and micobin regression Kolmogorov-Gamma augmentation Simulation studies MMI data analysis



2/47

Benthic macroinvertebrate multimetric index (MMI)

• Higher MMI indicates a healthier/diverse lake benthic macroinvertebrate community

• (Left): MMI of 949 lakes from 2017 NLA survey [U.S. Environmental Protection Agency, 2022]

• (Right): Lake watershed covariate of 50k+ lakes from LakeCat data [Hill et al., 2018]

▶ medium/high urban land cover, soil erodibility factor, coniferous forest cover, ...
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Modeling continuous proportional data

• Approach 1: Transform Y 7→ f (Y) ∈ R (e.g. logit) and fit normal linear model.

▶ Interpretation based on E(f (Y) | X), not E(Y | X)

▶ Problematic for boundary values.

• Approach 2: Beta regression [Ferrari and Cribari-Neto, 2004, Cribari-Neto and Zeileis, 2010]

Yi | xi
ind∼ Beta(µi, ϕ), g(µi) = xT

iβ,

pbeta(y;µ, ϕ) =
Γ(ϕ)

Γ(µϕ)Γ(ϕ− µϕ)
yµϕ−1(1 − y)ϕ−µϕ−1, 0 < y < 1

▶ Mean & precision parameterization, E(Y) = µ, var(Y) = µ(1 − µ)/(1 + ϕ)

▶ Familiar GLM-like structure, g(E(y | x)) = xT
i β, with a choice of link function g.
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Limitations of beta regression

• Non-robustness: sensitive to violation of beta response assumption.

▶ Beta does not belong to a natural exponential family

▶ Does not belong to GLM, µ and ϕ not orthogonal to each other [Ferrari and Cribari-Neto, 2004]

• Computational challenges: Bayesian inference in hierarchical settings.

▶ Mixed models, longitudinal and spatial models: generic methods (e.g. Stan) may suffer

▶ Existing scalable methods cannot be easily applied, unless relying on approximation

• Handling boundary values: cannot handle exact 0s and 1s

▶ Preprocess (“nudge”) the data to lie between open interval (0, 1) [Smithson and Verkuilen, 2006]

▶ Results are often sensitive [Kosmidis and Zeileis, 2024], not desirable
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Summary of contribution

• Cobin regression: continuous binomial (cobin) regression model

▶ A proper GLM approach based on exponential dispersion model [Jørgensen, 1987]

▶ Inherits attractive properties of GLM, including robustness of β̂ to model misspecificaton

• Micobin regression: based on dispersion mixtures of cobin distributions

▶ More flexible & robust family of distribution (cf. t dist as scale mixture of normal)

▶ Can handle exact 0s and 1s, different from structural zeros [Blasco-Moreno et al., 2019]

• We introduce Kolmogorov-Gamma augmentation for Bayesian computation

▶ Converts cobin/micobin likelihood into conditionally normal likelihood

▶ Seamless integration with scalable methods for latent Gaussian models
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Exponential dispersion model (1)

• Exponential dispersion model [Jørgensen, 1987] offers a principled way to add dispersion
parameter λ−1 that controls variance to one-parameter natural exponential family

exponential tilting by θ λ-fold convolution and scale by λ−1

−−−−−→ −−−−−→

H1 ∼ N(0, 1) Y ∼ N(θ, 1) Y ∼ N(θ, λ−1)
h1(y) = (2π)−1/2 exp(−y2/2) exp(θy − B1(θ))h1(y) exp(λθy − λB1(θ))h1(y, λ)

y ∈ R θ ∈ R λ > 0

B1(θ) = logE(eθH1) = θ2

2 , h1(y, λ) = density of 1
λ

∑λ
l=1 H(l)

1 = exp(−λy2/2)√
2π/λ
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Exponential dispersion model (2)

• Exponential dispersion model [Jørgensen, 1987] offers a principled way to add dispersion
parameter λ−1 that controls variance to one-parameter natural exponential family

exponential tilting by θ λ-fold convolution and scale by λ−1

−−−−−→ −−−−−→

H2 ∼ Exp(1) Y ∼ Exp(1 − θ) Y ∼ Gamma(λ, λ(1 − θ))
h2(y) = exp(−y) exp(θy − B2(θ))h2(y) exp(λθy − λB2(θ))h2(y, λ)

y ≥ 0 θ < 1 λ > 0

B2(θ) = logE(eθH2) = − log(1 − θ), h2(y, λ) = density of 1
λ

∑λ
l=1 H(l)

2 = λλyλ−1 exp(−λy)
Γ(λ)
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Exponential dispersion model (3)

• Exponential dispersion model [Jørgensen, 1987] offers a principled way to add dispersion
parameter λ−1 that controls variance to one-parameter natural exponential family

exponential tilting by θ λ-fold convolution and scale by λ−1

−−−−−→ −−−−−→

H3 ∼ InvGamma(1/2, 1/2) Y ∼ InvGau((−2θ)−1/2, 1) Y ∼ InvGau((−2θ)−1/2, λ)
h3(y) = (2πy3)−1/2 exp(− 1

2y ) exp(θy − B3(θ))h3(y) exp(λθy − λB3(θ))h3(y, λ)
y > 0 θ < 0 λ > 0

B3(θ) = logE(eθH3) = −(−2θ)1/2, h3(y, λ) = density of 1
λ

∑λ
l=1 H(l)

3 = λ1/2 exp(−λ/(2y))√
2πy3
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Exponential dispersion model (4)

exponential tilting by θ λ-fold convolution and scale by λ−1

−−−−−→ −−−−−→

H ∼ Unif(0, 1) Y ∼ cobin(θ, 1) Y ∼ cobin(θ, λ−1)
h(y) = 1 exp(θy − B(θ))h(y) exp(λθy − λB(θ))h(y, λ)

0 ≤ y ≤ 1 θ ∈ R λ ∈ N

B(θ) = logE(eθH) = log
(

eθ−1
θ

)
, h(y, λ) = density of 1

λ

∑λ
l=1 H(l)[Bates, 1955]

h(y, λ) =
λ

(λ− 1)!

λ∑
k=0

(−1)k
(
λ

k

)
{max(λy − k, 0)}λ−1
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Continuous binomial distribution

Definition 1. (cobin)

We say Y ∼ cobin(θ, λ−1), natural param. θ ∈ R, dispersion λ−1 ∈ {1, 1/2, . . . } if

pcobin(y; θ, λ−1) = h(y, λ) exp [λ{θy − B(θ)}] = h(y, λ)
eλθy

{(eθ − 1)/θ}λ
, 0 ≤ y ≤ 1

• Exponential dispersion model [Jørgensen, 1987]; E(Y) = B′(θ), var(Y) = λ−1B′′(θ).

• λ must be an integer to be a valid distribution

• Name motivated from continuous Bernoulli [Loaiza-Ganem and Cunningham, 2019] (λ = 1 case),

Y1, . . . ,Yλ
iid∼ cobin(θ, 1) =⇒ 1

λ

∑λ
l=1 Yl ∼ cobin(θ, λ−1)
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Cobin vs beta

Cobin with λ = 1; comparison with beta under the same mean and variance

mean = 0.3, var = 0.06
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Support: closed interval [0, 1] for cobin with λ = 1 (continuous Bernoulli)
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Cobin vs beta

Cobin with λ = 3; comparison with beta under the same mean and variance
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Cobin vs beta

Cobin with λ = 5; comparison with beta under the same mean and variance

mean = 0.3, var = 0.012
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Cobin regression model
• With a choice of link function g : (0, 1) → R,

Yi | θi, λ
ind∼ cobin(θi, λ

−1), θi = (B′)−1{g−1(xT
iβ)}, i = 1, . . . , n, (1)

implies E(Yi | xi) = g−1(ηi) = g−1(xT
iβ). Proper GLM [Nelder and Wedderburn, 1972]

• Likelihood equations (score function):

∂

∂βj

n∑
i=1

log pcobin(yi; θi, λ
−1) = λ

n∑
i=1

(yi − µi)xij

B′′(θi)

∂µi

∂ηi
= 0, j = 1, . . . , p (2)

cf. beta score function: ϕ
∑n

i=1[log
yi

1−yi
−Ψ(µiϕ) + Ψ(ϕ− µiϕ)]xij

∂µi
∂ηi

. (Ψ: digamma ft).

Proposition (consistency of cobin MLE under potential misspecification)

If the mean structure E(yi | xi) = g−1(xT
iβ) is correctly specified, the solution β̂ of the

cobin regression likelihood equations (2) is consistent [Gourieroux et al., 1984]
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Cobin regression with canonical link function
• Canonical link function: gcobit = (B′)−1 (“cobit”) that leads to θi = ηi = xT

iβ

▶ Cobin regression likelihood becomes
n∏

i=1

pcobin(yi; xT
i β, λ

−1) =
n∏

i=1

h(yi, λ)
eλyiηi

{(eηi − 1)/ηi}λ

▶ g−1
cobit(η) = eη/(eη − 1)− 1/η is similar to Cauchy c.d.f.

Comparison of inverse of link functions
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Micobin: dispersion mixtures of cobin distributions
• Limitations of cobin:

▶ λ must be an integer to be a valid distribution =⇒ limited flexibility

▶ Unnatural to model dispersion λ with a separate set of covariates due to discreteness

▶ Unless λ = 1, cobin is supported on open interval (0, 1), cannot handle exact 0s and 1s

Definition 2. (micobin)

We say Y ∼ micobin(θ, ψ), natural param. θ ∈ R, dispersion ψ ∈ (0, 1) if

Y | λ ∼ cobin(θ, λ−1), (λ− 1) ∼ negbin(2, ψ)

• Dispersion ψ ∈ (0, 1), mean structure preserved E(Y) = B′(θ) by ψ−mixture.

• (λ− 1) ∼ negbin(2, ψ) leads to var(Y) = ψB′′(θ). (cf. var(Y) = λ−1B′′(θ) for cobin)

• Localizing dispersion (λ→ λi), general approach for robustification [Wang and Blei, 2018]
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Micobin: dispersion mixtures of cobin distributions

Comparison of beta, cobin, and micobin with the same mean and variance.
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Support of micobin is a closed interval [0, 1] for any θ, ψ.
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Micobin regression and extensions

• Micobin regression with cobit link E(Yi | xi) = g−1
cobit(x

T
iβ):

Yi | xi ∼ micobin(xT
iβ, ψ) ⇐⇒ Yi | xi, λi ∼ cobin(xT

iβ, λ
−1
i ), (λi − 1) ∼ negbin(2, ψ)

• Can be extended to accommodate dispersion covariate: logit(ψi) = dT
i γi

• Further hierarchical extensions (with cobit link):

▶ Random intercept model

Yij ∼ micobin(xT
ijβ + ui, ψ), ui

iid∼ N(0, σ2
u)

▶ Spatial regression model with spatially indexed data (y(si), x(si)):

Y(si) ∼ micobin(ηi, ψ)

ηi = x(si)
Tβ + u(si), u(·) ∼ mean zero GP.
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Data augmentation

• Recall the cobin regression likelihood under the canonical link θi = ηi = xT
iβ

p(yi | xi,β, λ) = pcobin(yi; xT
iβ, λ

−1) = h(yi, λ)
eλyiηi

{(eηi − 1)/ηi}λ

• Not a familiar expression in terms of ηi

• For latent Gaussian models, we desire a log-likelihood that is a quadratic function in ηi

• Data augmentation: introduce (missing) auxiliary data κ = (κ1, . . . , κn) such that

▶ Retain original model upon marginalization:
∫

p(yi, κi | xi,β, λ)dκi = p(yi | xi,β, λ)

▶ Conditional distributions p(yi | κi, xi,β, λ), p(κi | yi, xi,β, λ) are easy to work with.

Motivation Cobin and micobin regression Kolmogorov-Gamma augmentation Simulation studies MMI data analysis
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Kolmogorov-Gamma random variables

Definition 3. (Kolmogorov-Gamma)

We define κ ∼ KG(b, c) as an infinite convolution of independent gammas:

κ
d
=

1
2π2

∞∑
k=1

ϵk

k2 + c2/(4π2)
, ϵk

iid∼ Gamma(b, 1), k = 1, 2, . . .

• π(KG(1, 0))1/2 is same as Kolmogorov distribution [Andrews and Mallows, 1974].

• Comparison with Pólya-Gamma ω ∼ PG(b, c) [Polson et al., 2013]:

ω
d
=

1
2π2

∞∑
k=1

ϵk

(k − 0.5)2 + c2/(4π2)
, ϵk

iid∼ Gamma(b, 1), k = 1, 2, . . .
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Kolmogorov-Gamma augmentation

Theorem 1. (Kolmogorov-Gamma integral identity)

For any a ∈ R, b > 0, and η ∈ R,

(eη)a

{(eη − 1)/η}b = e(a−b/2)η
∫ ∞

0
e−κη

2/2pKG(κ; b, 0)dκ, (3)

where pKG(κ; b, 0) is the density of a KG(b, 0) random variable.

• Comparision with Pólya-Gamma integral identity for logistic models [Polson et al., 2013]:

(eη)a

(eη + 1)b = 2−be(a−b/2)η
∫ ∞

0
e−ωη

2/2pPG(ω; b, 0)dω, (4)

• Also, pKG(κ; b, c) ∝ exp(−c2κ/2)pKG(κ; b, 0)
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Conditional conjugacy with latent Gaussian models

• Consider an augmented model with ηi = xT
iβ:

paug(yi, κi | ηi) = h(yi, λ) exp
(
λ(yi − 0.5)ηi − κiη

2
i /2

)
pKG(κi;λ, 0), i = 1, . . . , n

• By Theorem 1, it recovers cobin regression model upon marginalizing out κi. Also,

p(κi | ηi, yi) = pKG(κi;λ, ηi)

p(yi |κi, ηi) ∝ N(λ(yi − 0.5)κ−1
i ; ηi, κ

−1
i ) in terms of ηi

• Offers conditional conjugacy for normal prior models & latent Gaussian models

▶ (Scale mixture of) Normal prior of β, e.g. ηi = x(si)
Tβ

▶ Spatial regression model, e.g. ηi = x(si)
Tβ + u(si), u(·) ∼ Gaussian Process.

• Same strategy can be applied to micobin, replacing λ to λi
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23/47

Blocked Gibbs sampler for cobin regression

• Yi ∼ cobin(xT
iβ, λ

−1), i = 1, . . . , n with normal prior β ∼ N(0,Σβ)

1. Sample λ from pr(λ = l | β) ∝ pλ(l)
∏n

i=1 pcobin(yi; xT
i β, l

−1), l = 1, . . . , L

2. Sample κi from (κi | λ,β)
ind∼ KG(λ, xT

i β), i = 1, . . . , n

3. Sample β from (β | λ,κ) ∼ Np(mβ ,Vβ), where

V−1
β = XTdiag(κ1, . . . , κn)X +Σ−1

β , mβ = VβXT(y1λ− 0.5λ, . . . , ynλ− 0.5λ)T

• Some proper prior pλ for λ and some large upper bound L of λ

• Steps 1,2 jointly updates (λ,κ)
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Blocked Gibbs sampler for micobin regression

• Yi ∼ micobin(xT
iβ, ψ), i = 1, . . . , n with priors β ∼ N(0,Σβ) and ψ ∼ Beta(aψ, bψ)

1. Sample λi from pr(λi = l | β, ψ) ∝ l(1 − ψ)l−1pcobin(yi; xT
i β, l

−1), l = 1, . . . , L, i = 1, . . . , n

2. Sample κi from (κi | λi,β)
ind∼ KG(λi, xT

i β), i = 1, . . . , n

3. Sample β from (β | λ,κ) ∼ Np(mβ ,Vβ), where

V−1
β = XTdiag(κ1, . . . , κn)X +Σ−1

β , mβ = VβXT(y1λ1 − 0.5λ1, . . . , ynλn − 0.5λn)
T

4. Sample ψ from (ψ | λ) ∼ Beta(aψ + 2n, bψ − n +
∑n

i=1 λi)

• Steps 1,2 jointly updates (λ,κ), steps 3,4 jointly updates (β, ψ)
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Posterior computation: theory

Theorem 2. (Rapid mixing of Markov chain)

The blocked Gibbs samplers for cobin and micobin regressions are uniformly ergodic.
That is, there exist a constant M > 0 and ρ ∈ [0, 1), both independent of initial state,
such that ∥Pt(Θ(0), ·)−Π(·)∥TV ≤ Mρt for all t ≥ 1.

• Proof by establishing uniform minorization condition, similar to [Choi and Hobert, 2013]

• Guarantees the existence of CLT for Monte Carlo averages of functions of β

• Strong result for micobin since likelihood is not log-concave
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Sampling Kolmogorov-Gamma random variable

κ ∼ KG(b, c) ⇐⇒ κ
d
=

1
2π2

∞∑
k=1

ϵk

k2 + c2/(4π2)
, ϵk

iid∼ Gamma(b, 1), k = 1, 2, . . .

• Truncating infinite sum of independent gammas: slow, prone to truncation error

• We have KG(λ, c) d
=

∑λ
l=1 KG(1, c) for integer λ

• Exact sampling of KG(1, c): alternating series method [Devroye, 1986]

• Density of KG(1, c): pKG(x; 1, c) =
∑∞

n=0(−1)nan(x; c, t) with cutoff t ∈ (0.0234, 0.25),

an(x; c, t) =

{
{sinh(c/2)/(c/2)} exp(−c2x/2)aL

n(x), 0 < x < t,
{sinh(c/2)/(c/2)} exp(−c2x/2)aR

n (x), t ≤ x
(5)

• aL
n(x), aR

n (x) derived from dual density representation of Kolmogorov r.v. [Feller, 1948]
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Sampling Kolmogorov-Gamma (1, c) random variable

1. For AL(c, t) =
∫ t

0 a0(x; c, t)dx and AR(c, t) =
∫∞

t a0(x; c, t)dx, propose

X ∼

{
GIG(−1.5, c2, 1/4)1(0 < X < t) with prob. AL(c, t)/{AL(c, t) + AR(c, t)}
Exp(c2/2 + 2π2)1(t ≤ X) with prob. AR(c, t)/{AL(c, t) + AR(c, t)}

(6)

2. Generate U ∼ Unif(0, a0(X; c, t))

3. Repeat until U ≤
∑m

n=0(−1)nan(X; c, t) (odd m) or U >
∑m

n=0(−1)nan(X; c, t) (even m)

4. Accept X if m is odd, repeat from step 1 again if m is even.

Proposition (KG sampler is fast)

Using the best cutoff point t∗ ≈ 0.050239, the expected number of outer loop & inter
loop iterations are bounded above by 1.1456 and 1.1275 for any given c.
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Simulation 1: consistency of point estimate
Proposition (consistency of cobin MLE under potential misspecification)

If the mean structure E(yi | xi) = g−1(xT
iβ) is correctly specified, the solution β̂ of the

cobin regression likelihood equations (2) is consistent [Gourieroux et al., 1984]

• Data generation with cobit/logit link functions and 4 different distributions

▶ Yi ∼ beta(µi, ϕ), g(µi) = β0 + β1xi

▶ Yi ∼ cobin((B′)−1(µi), λ
−1), g(µi) = β0 + β1xi

▶ Yi ∼ beta rectangular(µi, α, ϕ) = wibeta(µ̃i, ϕ) + (1 − wi)unif(0, 1), g(µi) = β0 + β1xi

▶ Yi ∼ 0.25beta(µi − ϵi, ϕ) + 0.5beta(µi, ϕ) + 0.25beta(µi + ϵi, ϕ), g(µi) = β0 + β1xi

• Correct link & mean structure g(E(Yi | xi)) = xT
iβ, but distribution can be misspecified

• n ∈ {100, 400, 1600}, (βtrue
0 , βtrue

1 ) = (0, 1), compare betareg β̂ and cobinreg β̂
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Simulation 1 results

• Cobin regression β̂ is consistent even under the misspecified distribution
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Simulation 2: spatial regression

• Resembling spatially indexed MMI data Y(si)

• Data generation: Y(si) ∼ beta rectangular(µi, α, ϕ), locations si ∈ [0, 1]2 uniformly, and

gcobit(µi) = β0 + β1x(si) + u(si), u(·) ∼ mean zero Gaussian process

• (βtrue
0 , βtrue

1 ) = (0, 1), ρ ∈ {0.1, 0.2} (spatial dependence)

• Fit data with (1) spatial beta, (2) spatial cobin, (3) spatial micobin regression models

▶ All models are misspecified

• Stan for spatial beta; Gibbs sampler for spatial cobin/micobin; 5000 MCMC samples.

• Compare (1) Inference of β, (2) predictive performance, (3) sampling performance
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Simulation 2 results

• Cobin gives lowest bias/RMSE of β̂1, micobin achieves best predictive performance

• Multivariate ESS per time: cobin and micobin better than 40x or more

Motivation Cobin and micobin regression Kolmogorov-Gamma augmentation Simulation studies MMI data analysis



32/47

Benthic macroinvertebrate multimetric index (MMI)

• Index between 0 and 100, scaled by 0.01

• a.k.a. index of biotic integrity [Karr, 1991]

• Combines various macroinvertebrate
assemblages attributes

▶ Taxonomic composition, richness, presence
of sensitive species (e.g. mayfly)...

• Higher MMI indicates a healthier and diverse
benthic macroinvertebrate community

• Data from 2017 NLA survey, 950 lakes

• One lake had a 0 MMI value, set n = 949 for
comparison with beta regression

Figure: MMI of 949 US lakes
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Lake watershed covariate

• Data source: LakeCat [Hill et al., 2018]

• Various lake catchment/watershed
information of 300k+ US lakes

▶ For prediction only, we use 55215 lakes with
surface area > 40, 000m2

• 9 watershed covariates, log transformed:

▶ agkffact (soil erodibility), bfi (base flow
index), conif (coniferous forest cover)

▶ cbnf (cultivated N fixation), crophay
(crop&hay land cover), fert (synthetic N
fertilizer use), manure (manure application)

▶ urbmdhi (medium/high density urban land
cover), pestic97 (1997 pesticide use)

Figure: medium/high density urban land
cover percentage, log transformed
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Model fit

• Fit three different spatial regression models (beta, cobin, micobin) with

gcobit(µi) = x(si)
Tβ + u(si), u(·) ∼ nearest neighbor GP

• Employ NNGP [Datta et al., 2016] due to prediction at 50k+ locations

• Prior β ∼ Np(0, 1002Ip), half-Cauchy on random effect standard deviation

• Stan for spatial beta; Gibbs for spatial cobin/micobin; 5000 MCMC samples, 3 chains

▶ Leveraging normal conjugacy via KG augmentation, we jointly update β and {u(si)}n
i=1 by

partial collapsing [Van Dyk and Park, 2008]

▶ Took 2 hr for spatial beta, 5 min for cobin and micobin per chain

▶ mESS/time difference more than 20x.
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MMI data analysis results: association

• WAIC: -1093.4 (beta), -1103.5 (cobin), -1119.3 (micobin)

• Selected variables based on 95% CI are different for beta
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MMI data analysis results: prediction

• Left: predicted MMI, Right: stdev of predicted MMI
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MMI data analysis results: goodness of fit

beta regression cobin regression micobin regression
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A lake with MMI = 0.020
(Jones pond, Anson, NC)

A lake with MMI = 0.021
(Ferguson lake, Saline, AR)

• Quantile residual plot [Dunn and Smyth, 1996]: Φ−1(F(yi | µ̂i, ϕ̂)) against normal quantiles

• Two influential observations with the lowest MMI values of 0.02 and 0.021

• Re-run the analysis, removing those two lakes
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MMI data analysis results: sensitivity analysis

• Beta regression results changed, cobin/micobin results remained same

• Recall that beta score function is unbounded in y
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MMI data analysis results: sensitivity analysis

• Micobin does not require removing a datum with MMI = 0

• Result almost unchanged

Motivation Cobin and micobin regression Kolmogorov-Gamma augmentation Simulation studies MMI data analysis



• Preprint: https://arxiv.org/abs/2504.15269

• Reproducing code: https://github.com/changwoo-lee/cobin-reproduce

• R package ”cobin”: https://github.com/changwoo-lee/cobin

Thank you!
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